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with two derivatives
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Abstract
In this paper we provide a complete list of spin-2 cubic interaction vertices with
two derivatives. We work in (anti) de Sitter space with dimension d ≥ 4 and arbitrary
value of cosmological constant and use simple metric formalism without any auxiliary
or Stueckelberg fields. We separately consider cases with one, two and three different
spin-2 fields entering the vertex where each field may be massive, massless or partially
massless one. The connection of our results with massive (bi)gravity theories is also
briefly discussed.
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Introduction
One of the effective ways for investigation of possible higher spin interactions is the so called
constructive approach. Here one assumes that the whole Lagrangian of the theory can be
considered as a row
L = L0 + L1 + L2 + . . .
where L0 — free Lagrangian, L1 contains all cubic vertices and so on. Similarly, for gauge
transformations one also assumes
δ = δ0 + δ1 + δ2 + . . .
where δ0 — in-homogeneous terms, corresponding to gauge invariance of free Lagrangian, δ1
is linear in fields and so on. The first and very important step in all such investigations is
the so called linear approximation, i.e. cubic vertices in the Lagrangian and linear in fields
(hence the name) terms in gauge transformations. In this approximation gauge invariance
requires that
δ0L1 + δ1L0 = 0
and it means that variation of the cubic vertex under the free gauge transformations must
be proportional to free equations and thus can be compensated by appropriate corrections
to gauge transformations. The importance of linear approximation comes from the fact that
due to linearity of gauge transformations the properties of cubic vertex for any three given
fields do not depend on the presence or absence of any other fields in the system. Thus to
a large extent the results of linear approximation are model independent and this open the
possibility for classification of all consistent cubic vertices.
For the last 10-15 years a lot of interesting and important results for the cubic vertices
where obtained using very different approaches (light cone or Lorentz covariant, metric-like
or frame-like) [1]-[28].1 In spite of very simple formulation any real investigations of cubic
vertices require very complicated and cumbersome calculations. To simplify this task the so
called TT-approach was introduced [29, 30, 31, 32] where one try to construct the core part of
cubic vertex that survives when all the fields entering the vertex are subject to transversality
and tracelessness constraints. Such approach nicely work for the massless fields where gauge
invariance allows one to reconstruct full vertex with the TT-constraints relaxed. But when
massive or partially massless fields are present it is not at all evident if such TT-vertex (or
some particular combination of them) can be uplifted to the full unconstrained one.
The aim of this paper — carefully consider may be the most simple case, namely all
cubic vertices for spin-2 fields with two derivatives.2 Besides being an illustrative example
for the construction of full cubic vertices, our results also have some relations with recent
investigations of massive gravity [34, 35, 36], bigravity [37, 38, 39] and multigravity [40, 41]
theories as well as with attempts to construct partially massless gravity or bigravity [42,
43, 44, 45, 46, 47]. We work in a simple metric formalism where spin-2 field is described
by symmetric second rank tensor hµν without any auxiliary or Stueckelberg fields. To be
1Certainly, this list of References is not in any way complete, it serves just as an illustration of very
different approaches used.
2Even this simple case requires rather long calculations so that one must use some computer algebra
system. In this work we used Reduce [33].
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sure that we do not miss some particular cases we separately consider vertices with one,
two and three different spin-2 fields, in this, any field can be massive, massless or partially
massless one. We use ”brute force” method, i.e. we construct the most general expression for
cubic vertex and require that both transversality and tracelessness constraints follow from
Lagrangean equations. Let us present here the main results of our work leaving technical
details for the main text.
One field
• Massless case. There is a unique (up to possible field redefinitions) solution. Our
choice corresponds to gauge invariance under
δhµν = D(µξν) + a0(ξ
αDαhµν +D(µξ
αhν)α)
• Massive case. General solution has the cubic potential of the form:
L10 =
a0m
2
4
[(1 + 2b3)hµνhναhαµ − (1 + 3b3)hhµν
2 + b3h
3]
In this scalar constraint has the structure:
C ∼ h⊕DhDh⊕ h2
Terms with derivatives are absent for b3 =
1
2
, in this
L10 =
a0m
2
2
[hµνhναhαµ −
5
4
hhµν
2 +
1
4
h3]
• Partially massless case m2 = (d − 2)κ. Only solution with b3 =
1
2
admit partially
massless limit in de Sitter space but for d = 4 only!
Two fields. Here we call ”first field” the one that enters the vertex linearly while ”second
field” is the one entering it quadratically.
• Both fields are massless. There is a unique (up to possible field redefinitions)
solution. Our choice corresponds to gauge invariance under
δh1µν = D(µξ1ν) + a0(ξ2
αDαh2µν +D(µξ2
αh2ν)α)
δh2µν = D(µξ2ν) + a0(ξ1
αh2µν +D(µξ1
αh2ν)α + ξ2
αDαh1µν +D(µξ2
αh1ν)α)
• Both fields are massive. General solution has cubic potential of the form:
L01 =
a0
4
[(m1
2 + 2m2
2 + 2b4)h1µνh2ναh2αµ − (m1
2 + b4)h1h2µν
2
−2(m2
2 + b4)h1µνh2h2µν + b4h1h2
2]
Scalar constraints for both fields are algebraic only for
b4 =
m1
2 + 2m2
2
2
2
In this:
L01 =
a0
2
[(m1
2 + 2m2
2)h1µνh2ναh2αµ −
3m1
2 + 2m2
2
4
h1h2µν
2
−
m1
2 + 4m2
2
2
h1µνh2h2µν +
m1
2 + 2m2
2
4
h1h2
2]
• First field is massless m1 = 0. There is a unique solution:
L01 = a0m2
2[h1µνh2ναh2αµ −
1
4
h1h2µν
2 − h1µνh2h2µν +
1
4
h1h2
2]
Scalar constraint for second field is algebraic. In dS this solution admits partially
massless limit m2
2 → (d− 2)κ without restrictions on d.
• Second field is massless m2 = 0. There is no solution except m1 = 0.
• First field is partially massless m1
2 = (d− 2)κ. Solution exists only for
m2
2 =
d(d− 2)κ
4
Scalar constraint for the second field is algebraic. Note that for d = 4 this corresponds
to partially massless case.
• Second field is partially massless m2
2 = (d− 2)κ. Solution exists only for
m1
2 = 2(d− 3)κ
Scalar constraint for the first field is algebraic. Note that for d = 4 this again corre-
sponds to partially massless case.
Three fields.
• All three fields are massless. There is a unique (up to possible fields redefinitions)
solution. Our choice corresponds to gauge invariance under
δh1µν = D(µξ1ν) + a0(ξ2
αDαh3µν +D(µξ2
αh3ν)α + ξ3
αh2µν +D(µξ3
αh2ν)α)
δh2µν = D(µξ2ν) + a0(ξ1
αDαh3µν +D(µξ1
αh3ν)α + ξ3
αh1µν +D(µξ3
αh1ν)α)
δh3µν = D(µξ3ν) + a0(ξ1
αDαh2µν +D(µξ1
αh2ν)α + ξ2
αh1µν +D(µξ2
αh1ν)α)
• Two fields are massless m1 = m2 = 0. No solution except m3 = 0.
• One field is massless m1 = 0. Solution exists for m2 = m3 only. Scalar constraints
are algebraic. In dS this solution admits partially massless limit.
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• All three fields are massive. General solution has potential
L10 =
a0
2
[(m1
2 +m2
2 +m3
2 + 2b5)h1µνh2ναh3αµ − (m3
2 + b5)h1µνh2µνh3
−(m2
2 + b5)h1µνh2h3µν − (m3
2 + b5)h1h2µνh3µν + b5h1h2h3]
Terms with derivatives in scalar constraints are absent for
b5 =
m1
2 +m2
2 +m3
2
2
In this
L10 = a0[(m1
2 +m2
2 +m3
2)h1µνh2ναh3αµ −
m1
2 +m2
2 + 3m3
2
4
h1µνh2µνh3
−
m1
2 + 3m2
2 +m3
2
4
h1µνh2h3µν −
3m1
2 +m2
2 +m3
2
4
h1h2µνh3µν
+
m1
2 +m2
2 +m3
2
4
h1h2h3]
• One field is partially massless m1
2 = (d− 2)κ. There is a solution provided
(m2
2 −m3
2)2 + 2(m2
2 +m3
2)κ = d(d− 2)κ2
In this scalar constraints for both massive fields are algebraic. There are two particular
solutions of the last relation that correspond to some two field cases given above.
– If masses of the second and third fields are equal m2 = m3 then this relation gives
m2
2 = m3
2 =
d(d− 2)κ
4
and this corresponds to the two field case where first field is partially massless.
– If the second field is also partially massless m2
2 = (d− 2)κ then we obtain
m3
2 = 2(d− 3)κ
exactly as in the two field case where the second field is partially massless.
The layout of the paper is simple and straightforward. In Section 1 we provide all
necessary kinematic formulas as well as our conventions. Section 2 devoted to the case of
single spin-2 field. Surely, this case is rather well understood by now but it is instructive to
reproduce these results by the same method that subsequently will be used for the case with
two and three spin-2 fields. In Section 3 we consider two field case, while in Section 4 we
consider relation of our results with formulation of bigravity [37, 38, 39]. At last, in Section
5 we consider cubic vertices for three fields with different masses.
4
1 Kinematics
We will work in (anti) de Sitter space-time with dimension d ≥ 4 and arbitrary value of
cosmological constant Λ. Indices are raised and lowered with non-dynamical background
metric ηµν , while (A)dS covariant derivative Dµ is normalized so that
[Dµ, Dν]ξα = −κ(ηµαξν − ηναξµ), κ =
2Λ
(d− 1)(d− 2)
(1)
We use metric like formalism where spin-2 field is described by symmetric second rank tensor
hµν and choose free Lagrangian for massive field in the form:
3
L0 =
1
2
[DαhµνDαhµν −DµhναDνhµα − (Dh)µ(Dh)µ + 2(Dh)µDµh−DµhDµh]
−
m2 − κ(d− 2)
2
[hµν
2 − h2] (2)
where (Dh)µ = D
νhµν and h = hµ
µ.
As is well known the correct number of physical degrees of freedom requires that two
constraints4 — vector and scalar ones — follow from the Lagrangean equations. It is easy
to check that for the free Lagrangian given above we indeed have them:
Cν = D
µ δL0
δhµν
= −m2((Dh)ν −Dνh) = 0 (3)
C = (DµDν −
m2
(d− 2)
ηµν)
δL0
δhµν
= −
(d− 1)
(d− 2)
m2[m2 − κ(d− 2)]h = 0 (4)
From these relations one can immediately note that there are two special cases. The first
case is the massless one m = 0 where we loose both constraints but the Lagrangian instead
becomes invariant under the local gauge transformations with vector parameter:
δ0hµν = Dµξν +Dνξµ (5)
The second case is the so called partially massless one [48, 49, 50, 51] m2 = κ(d− 2), in this
we loose the second constraint but the Lagrangian becomes invariant under the local gauge
transformations with scalar parameter:
δ0hµν = (DµDν −
m2
(d− 2)
ηµν)ξ (6)
Note that to have correct number of physical degrees of freedom it is important that we still
have vector constraint.
3Note that due to non-commutativity of (A)dS covariant derivatives there is an ambiguity in the choice
of combination of the second and third terms, in this the structure of the terms without derivatives depends
on the choice made.
4Here and in what follows dynamical equations will be of second order in derivatives, thus any relation
containing field and its first derivative only will be considered as constraint.
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2 One field
In this Section we consider cubic vertex with one spin-2 field, i.e. its self-interaction. By
now this case is rather well understood but it is instructive to reproduce known results by
the same method that will subsequently be used for vertices with two and three different
spin-2 fields.
We will look for the cubic vertex in the following form:
L1 = L12 + L10
where L12 contains terms with two derivatives which without loss of generality can be chosen
in the form:5
L12 ∼ hDhDh
while L10 contains terms without derivatives and looks like:
L10 = b1hµνhναhαµ + b2hhµν
2 + b3h
3 (7)
First of all we require that after switching on interaction we will still have vector con-
straint but in general with some corrections quadratic in field:
∆Cν ≈ D
µ δL1
δhµν
where here and in what follows ≈ means ”on the free mass shell”, i.e. up to the terms
proportional to free equations. Schematically this can be written as
∆CV = D
δL1
δh
+ (Dh+ hD)
δL0
δh
where (Dh + hD) denotes the most general operator linear in field h and of first order in
derivatives. It turns out that the general solution for L12 has five free parameters. Recall
that in any case where interacting vertex has the same (or higher) number of derivatives as
the free Lagrangian one always faces the ambiguities related with the possibility to make
field redefinitions and hence obtain the families of physically equivalent theories. In the case
at hands possible field redefinitions have the form:
hµν ⇒ hµν + s1hµαhαν + s2hhµν + s3ηµνhαβ
2 + s4ηµνh
2 (8)
thus leaving us with only one non-trivial coupling constant. Using this freedom it is always
possible to choose the form of L12 such that in the massless case m = 0 the Lagrangian will
be invariant under the following gauge transformations:
δhµν = Dµξν +Dνξµ + a0[ξ
αDαhµν +Dµξ
αhαν +Dνξ
αhµα] (9)
5Similarly to the free case due to non-commutativity of (A)dS covariant derivatives there are some
ambiguities in the choice of expression for L12 and this choice determines the explicit dependence for the
coefficients in L10 on the cosmological constant. In this, all physical results do not depend on the choice
made.
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Now let us turn to the scalar constraint. Here we also require that we will still have this
constraint with possible corrections quadratic in field h:
∆C ≈ (DµDν −
m2
(d− 2)
ηµν)
δL1
δhµν
or schematically
∆C = (DD − η)
L1
δh
+ (D2h+DhD + hD2 + h)
L0
δh
where (D2h + DhD + hD2 + h) denotes the most general operator linear in field h and of
second order in derivatives. General solution has the form:
b1 =
m2a0 + 8b3
4
, b2 = −
m2a0 + 12b3
4
(10)
in agreement with the results of [34]. However, for general values of parameter b3 the scalar
constraint has the following structure:
C ∼ h+DhDh+ h2
so it contains terms with first derivatives of h. But such terms lead to the problems with
causality [52, 46]. Happily, there is a special value of this parameter:
b3 =
m2a0
8
when all these terms are absent so that scalar constraint remains to be purely algebraic, in
this
L10 =
m2a0
2
[hµνhναhαµ −
5
4
hhµν
2 +
1
4
h3] (11)
Note that this is exactly the same structure that was obtained in [14] using gauge invariant
description of massive spin-2 field. Moreover it is this solution that in de Sitter space admits
partially massless limit in d = 4 [14, 53, 47]. In this the Lagrangian is invariant under the
following gauge transformations (compare with Eq. (2.44) in [47]6):
δhµν = (DµDν −
m2
2
ηµν)ξ + a˜0(DµDν −
m2
2
ηµν)(hξ)
+
a0
4
[h(µ
αDν)Dαξ −D(µhν)
αDαξ + 2D
αhµνDαξ −m
2hµνξ] (12)
where the terms with the factor a˜0 correspond to redefinition of gauge parameter ξ and could
be discarded.
6In our conventions round brackets denote symmetrization without normalization factor and this may
explain slightly different coefficients.
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3 Two fields
In this Section we consider cubic vertex for two spin-2 fields with different masses m1 and
m2, in this we will assume that first field h1µν enters vertex linearly and the second one h2µν
—- quadratically. Without loss of generality the part of the vertex with two derivatives can
be chosen in the form (again with a lot of ambiguities due to non-commutativity of covariant
derivatives):
L12 ∼ h1h2D
2h2 ⊕ h1Dh2Dh2
while terms without derivatives will be written as follows:
L10 = b1h1µνh2ναh2αµ + b2h1h2µν
2 + b3h2h1µνh2µν + b4h1h2
2 (13)
First of all we require that we still have both vector constraints with optional quadratic
corrections:
∆C1ν ≈ D
µ δL1
δh1µν
, ∆C2ν ≈ D
µ δL1
δh2µν
or schematically:
∆C1V = D
δL1
δh1
+ (Dh2 + h2D)
δL0
δh2
∆C2V = D
δL1
δh2
+ (Dh1 + h1D)
δL0
δh2
+ (Dh2 + h2D)
δL0
δh1
It turns out that general solution for L12 has ten free parameters, but taking into account
possible field redefinitions that in this case look like
h1µν ⇒ h1µν + s1h2µαh2αν + s2h2h2µν + ηµν(s3h2αβ
2 + s4h2
2) (14)
h2µν ⇒ h2µν + s5h1α(µh2ν)α + s6h1h2µν + s7h2h1µν + ηµν(s8h1αβh2αβ + s9h1h2)
we again see that there is only one non-trivial coupling constant here. Using this freedom
one can always bring L12 into the form such that in the massless case m1 = m2 = 0 the
Lagrangian will be invariant under the following local gauge transformations:
δh1µν = Dµξ1ν +Dνξ1µ + a0[ξ2
αDαh2µν +D(µξ2
αh2ν)α] (15)
δh2µν = Dµξ2ν +Dνξ2µ + a0[ξ2
αDαh1µν +D(µξ2
αh1ν)α + ξ1
αDαh2µν +D(µξ1
αh2ν)α]
Now let us turn to the scalar constraints with possible quadratic corrections:
∆C1 ≈ (D
µDν −
m1
2
(d− 2)
ηµν)
δL1
δh1µν
, ∆C2 ≈ (D
µDν −
m2
2
(d− 2)
ηµν)
δL1
δh2µν
or schematically:
∆C1 = (DD − η)
L1
δh1
+ (D2h2 +Dh2D + h2D
2 + h2)
L0
δh2
∆C2 = (DD − η)
L1
δh2
+ (D2h1 +Dh1D + h1D
2 + h1)
L0
δh2
+(D2h2 +Dh2D + h2D
2 + h2)
L0
δh1
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In this case we have a number of possibilities because each spin-2 field can be massive,
massless or partially massless one. In what follows we consider all of them one by one.
Both fields are massive. General solution has the form:
b1 =
a0(m1
2 + 2m2
2) + 8b4
4
, b2 = −
a0m1
2 + 4b4
4
, b3 = −
a0m2
2 + 4b4
2
(16)
so we have one free parameter b4. But as in the previous case for general values of this
parameter both scalar constraints contain dangerous terms with derivatives:
C1 ∼ h1 +Dh2Dh2 + h2
2
C2 ∼ h2 +Dh1Dh2 + h1h2
But there is a special value
b4 =
a0(m1
2 + 2m2
2)
8
(17)
when all these terms are absent, in this
b1 =
a0(m1
2 + 2m2
2)
2
, b2 = −
a0(3m1
2 + 2m2
2)
8
, b3 = −
a0(m1
2 + 4m2
2)
4
(18)
First field is massless m1 = 0. Here there exists unique solution:
b1 = −b3 = a0m2
2, b2 = −b4 = −
a0m2
2
4
(19)
corresponding to usual gravitational interaction for massive spin-2 particle. Scalar constraint
for massive field appears to be purely algebraic without any derivative terms. Moreover in
de Sitter space this solution admits partially massless limit without any restrictions on the
dimension d.
Second field is massless m2 = 0. There is no solution here (except for the m1 = 0) in
agreement with the results of [8] that such vertex requires as many as six derivatives.
First field is partially massless m1
2 = κ(d− 2). There exists solution only for
m2
2 =
d(d− 2)κ
4
(20)
Second scalar constraint is algebraic and the Lagrangian is invariant under the following
gauge transformations:
δh1µν = (DµDν −
m1
2
2
ηµν)ξ (21)
δh2µν =
a0
2
[
(d− 2)
d
h2(µ
αDν)Dαξ −
2
d
D(µh2ν)
αDαξ +D
αh2µνDαξ +
(d− 6)κ
2
h2µνξ]
Note that for d = 4 this corresponds to partially massless case m2
2 = 2κ.
Second field is partially massless m2
2 = κ(d− 2). There exists solution only for
m1
2 = 2(d− 3)κ (22)
9
First scalar constraint is algebraic and the Lagrangian is invariant under the following gauge
transformations:
δh1µν =
a0
4
[h2(µ
αDν)Dαξ −D(µh2ν)
αDαξ + 2D
αh2µνDαξ − 2κh2µνξ]
δh2µν = (DµDν − κηµν)ξ + a˜0(DµDν − κηµν)(h1ξ) (23)
+
a0
2
[
(d− 3)
(d− 2)
h1(µ
αDν)Dαξ −
1
(d− 2)
D(µh1ν)
αDαξ +D
αh1µνDαξ + κ(d− 5)h1µνξ]
For d = 4 this again corresponds to partially massless case m1
2 = 2κ.
4 Bigravity
As is well known (see e.g. [54]) any theory for two massless spin-2 fields with no more than
two derivatives (and when both fields are physical one and not ghost) by field redefinitions
can be brought into the form with two independent parts, each one being just usual gravity
theory for some metric:
L = L(gµν) + L(fµν)
It is these separated metrics that where used in formulation of so called bigravity theory
[37, 38, 39] where mixing appears in the potential terms only. The aim of this Section is to
show how these two metrics can be related with massless and massive spin-2 fields.
Let us denote h0 the field that remains to be massless and hm — the one that becomes
massive. There are four possible cubic vertices for two massless spin-2 fields:
L1 ∼ a01h0
3 ⊕ a02h0
2hm ⊕ a03h0hm
2 ⊕ a04hm
3
which at this level are completely independent. But we already know that there is no solution
for cubic vertex where massive field enters linearly, thus we put a02 = 0. Then collecting the
results from previous two sections for gauge transformations we will have:
δh0µν = Dµξ0ν +Dνξ0µ + a01[ξ0
αDαh0µν +D(µξ0
αh0ν)α]
+a03[ξm
αDαhmµν +D(µξm
αhmν)α]
δhmµν = Dµξmν +Dνξmµ + a03[ξ0
αDαhmµν +D(µξ0
αhmν)α] (24)
+a03[ξm
αDαh0µν +D(µξm
αh0ν)α]
+a04[ξm
αDαhmµν +D(µξm
αhmν)α]
A nice property of this form for gauge transformations is that their algebra can be closed
without any corrections beyond linear approximation. For the case at hands this requires
a01 = a03,
7 while a04 can be arbitrary. But in this case if we make a change of variables:
h1 = h0 cos(θ) + hm sin(θ), h2 = −h0 sin(θ) + hm cos(θ) (25)
and similarly
ξ1 = ξ0 cos(θ) + ξm sin(θ), ξ2 = −ξ0 sin(θ) + ξm cos(θ) (26)
7Note that this relation is nothing else but usual manifestation of universality of gravitational interactions.
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then by straightforward calculations we obtain
δh1µν = Dµξ1ν +Dνξ1µ +
a01
cos(θ)
[ξ1
αDαh1µν +D(µξ1
αh1ν)α]
δh2µν = Dµξ2ν +Dνξ2µ −
a01
sin(θ)
[ξ2
αDαh2µν +D(µξ2
αh2ν)α] (27)
provided
tan(2θ) = −
2a01
a04
(28)
Thus in terms of these new fields the parts of the Lagrangian with two derivatives are
completely separated and the two metrics of bigravity can be written simply as:
gµν = ηµν + a01[h0µν + tan(θ)hmµν ]
fµν = ηµν + a01[h0µν − cot(θ)hmµν ] (29)
As for the potential terms, collecting the results of previous two sections we can write the
most general form for the cubic part as:
L10 = a01m
2[h0µν(hmµαhmαν − hmhmµν)−
1
4
h0(hmµν
2 − hm
2)]
+
a04m
2
4
[(1 + 8b3)hmµνhmναhmαµ − (1 + 12b3)hmhmµν
2 + 4b3hm
3] (30)
Note that here we have changed the normalization of b3, in particular, its special value now
b3 =
1
8
.
5 Three fields
At last let us consider cubic vertex for three spin-2 fields with different masses. This time
we choose the following general form for the terms with two derivatives:
L12 ∼ h1h2D
2h3 ⊕ h1D
2h2h3 ⊕ h1Dh2Dh3
while potential terms will be written as follows:
L10 = b1h1µνh2ναh3αµ + b2h1µνh2µνh3 + b3h1µνh2h3µν + b4h1h2µνh3µν + b5h1h2h3 (31)
Again we require that there are all three vector constraints with possible quadratic cor-
rections:
∆C1ν ≈ D
µ δL1
δh1µν
, ∆C2ν ≈ D
µ δL1
δh2µν
, ∆C3ν ≈ D
µ δL1
δh3µν
or schematically:
∆C1V = D
δL1
δh1
+ (Dh2 + h2D)
δL0
δh3
+ (Dh3 + h3D)
δL0
δh2
∆C2V = D
δL1
δh2
+ (Dh1 + h1D)
δL0
δh3
+ (Dh3 + h3D)
δL0
δh1
∆C3V = D
δL1
δh3
+ (Dh1 + h1D)
δL0
δh2
+ (Dh2 + h2D)
δL0
δh1
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In this case the general solution for L12 has sixteen free parameters, but we have fifteen
possible fields redefinitions:
h1µν ⇒ h1µν + s1h2α(µh3ν)α + s2h2h3µν + s3h3h2µν + ηµν(s4h2αβh3αβ + s5h2h3)
h2µν ⇒ h2µν + s6h1α(µh3ν)α + s7h1h3µν + s8h3h1µν + ηµν(s9h1αβh3αβ + s10h1h3) (32)
h3µν ⇒ h3µν + s11h1α(µh2ν)α + s12h1h2µν + s13h2h1µν + ηµν(s14h1αβh2αβ + s15h1h2)
and hence only one non-trivial coupling constant. Using this freedom we choose explicit
form for the L12 that in the massless case m1 = m2 = m3 = 0 corresponds to invariance of
the Lagrangian under the following gauge transformations:
δh1µν = Dµξ1ν +Dνξ1µ + a0[ξ2
αDαh3µν +D(µξ2
αh3ν)α +
+ξ3
αDαh2µν +D(µξ3
αh2ν)α]
δh2µν = Dµξ2ν +Dνξ2µ + a0[ξ1
αDαh3µν +D(µξ1
αh3ν)α + (33)
+ξ3
αDαh1µν +D(µξ3
αh1ν)α]
δh3µν = Dµξ3ν +Dνξ3µ + a0[ξ1
αDαh2µν +D(µξ1
αh2ν)α +
+ξ2
αDαh1µν +D(µξ2
αh1ν)α]
Similarly, we require existence of all three scalar constraints with possible corrections:
∆C1 ≈ (D
µDν −
m1
2
(d− 2)
ηµν)
δL1
δh1µν
∆C2 ≈ (D
µDν −
m2
2
(d− 2)
ηµν)
δL1
δh2µν
∆C3 ≈ (D
µDν −
m3
2
(d− 2)
ηµν)
δL1
δh3µν
or schematically:
∆C1 = (DD − η)
L1
δh1
+ (D2h2 +Dh2D + h2D
2 + h2)
L0
δh3
+(D2h3 +Dh3D + h3D
2 + h3)
L0
δh2
∆C2 = (DD − η)
L1
δh2
+ (D2h1 +Dh1D + h1D
2 + h1)
L0
δh3
+(D2h3 +Dh3D + h3D
2 + h3)
L0
δh1
∆C3 = (DD − η)
L1
δh3
+ (D2h1 +Dh1D + h1D
2 + h1)
L0
δh2
+(D2h2 +Dh2D + h2D
2 + h2)
L0
δh1
Here we again have a number of possibilities that we consider one by one.
Two fields are massless m1 = m2 = 0. No solution except for m3 = 0.
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One field is massless m1 = 0. Solution exists for m2 = m3 only again in agreement with
the results of [8] and (upon identification h2 = h3) corresponds to the case with two fields.
Scalar constraints are algebraic, partially massless limit exists.
All three fields are massive. General solution:
b1 =
a0(m1
2 +m2
2 +m3
2) + 4b5
2
, b2 = −
a0m3
2 + 2b5
2
b3 = −
a0m2
2 + 2b5
2
, b4 = −
a0m1
2 + 2b5
2
with b5 as a free parameter. For general values of this parameter all three scalar constraints
contain terms with derivatives which are absent only for
b5 =
a0(m1
2 +m2
2 +m3
2)
4
(34)
In this
b1 = a0(m1
2 +m2
2 +m3
2), b2 = −
a0(m1
2 +m2
2 + 3m3
2)
4
b3 = −
a0(m1
2 + 3m2
2 +m3
2)
4
, b4 = −
a0(3m1
2 +m2
2 +m3
2)
4
One field partially massless m1
2 = (d − 2)κ. There is a solution provided the following
relation holds:
(m2
2 −m3
2)2 + 2(m2
2 +m3
2)κ = d(d− 2)κ2 (35)
In this, scalar constraints for both massive fields are algebraic and the Lagrangian is invariant
under the following gauge transformations:
δh1µν = (DµDν − κηµν)ξ
δh2µν =
a0
4
[
m2
2 +m3
2 − κ(d− 2)
m22
h3(µ
αDν)Dαξ +
m3
2 −m2
2 − κ(d− 2)
m22
D(µh3ν)
αDαξ
+Dαh3µνDαξ + (m3
2
−m2
2 + κ(d− 6))h3µνξ] (36)
δh3µν =
a0
4
[
m2
2 +m3
2 − κ(d− 2)
m32
h2(µ
αDν)Dαξ +
m2
2 −m3
2 − κ(d− 2)
m32
D(µh2ν)
αDαξ
+Dαh2µνDαξ + (m2
2 −m3
2 + κ(d− 6))h2µνξ]
There are two particular solutions of the relation (35) that correspond to some two field
cases given above.
• If masses of the second and third fields are equal m2 = m3 then this relation gives
m2
2 = m3
2 =
d(d− 2)κ
4
and this corresponds to the two field case where first field is partially massless.
• If the second field is also partially massless m2
2 = (d− 2)κ then we obtain
m3
2 = 2(d− 3)κ
exactly as in the two field case where the second field is partially massless.
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Conclusion
In this paper we provide a complete (we hope) list of spin-2 cubic interaction vertices with
two derivatives. To include not only massive and massless cases but also partially massless
ones we work in (anti) de Sitter space with dimension d ≥ 4 and arbitrary value of cos-
mological constant. To be as model independent as possible we work with a simple metric
formalism without any auxiliary or Stueckelberg fields and use ”brute force” method, i.e. we
generate the most general form of cubic vertex and require that Lagrangen equations produce
necessary constraints and/or lead to the invariance under some local gauge transformations.
For the massive cases we have seen that one obtains solutions with one free parameter but
for the general values of this parameter the scalar constraints contain dangerous derivative
terms that lead to the problem with causality. In all cases we considered there is a special
value of this parameter when these terms are absent. Moreover, it is these special solutions
that in de Sitter space admit partially massless limit. Thus the problem of causality and
the existence of partially massless limit in massive (bi)gravity theories seem to be closely
related.
For all cases where partially massless field where present we provide explicit form of the
appropriate local gauge transformations with scalar parameter.8 Their rather complicated
form suggests that they may arise from gauge invariant Stueckelberg formalism as a result
of partial gauge fixing. Work in progress in this direction.
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